Abstract. It is known that entanglement dynamics of two noninteracting qubits, locally subjected to classical environments, may exhibit revivals. A simple explanation of this phenomenon may be provided by using the concept of hidden entanglement, which signals the presence of entanglement that may be recovered without the help of nonlocal operations. Here we discuss the link between hidden entanglement and the (non-Markovian) flow of classical information between the system and the environment. Hidden entanglement, system-environment information flow and non-Markovianity 2
Introduction
A bipartite system S can exhibit entanglement revivals even in the case in which the two subsystems are noninteracting and affected by local independent classical noise sources [1, 2] . That is to say, entanglement can be a non-monotonic function of time, increasing in some time interval in spite of the lack of non-local operations or entanglement back transfer from a quantum environment [3] . This phenomenon is at first sight surprising, since we consider conditions under which entanglement, which is a non-local resource, cannot be created. Therefore the increase of entanglement must be attributed to the manifestation of quantum correlations that were already present in the system. The density operator formalism does not capture the presence of these quantum correlations, thus they are in some sense hidden. On the other hand, as we showed in Ref. [2] , the existence of such correlations is enlightened if the system is described as a physical ensemble of states. For this reason we introduced the concept of hidden entanglement (HE) [2] .
The hidden entanglement E h (t) is the amount of entanglement that cannot be exploited at a given time t, due to a lack of classical information on the system S. As a result, at timest > t this entanglement may be recovered without the help of any non-local operation. In other words, classical communication and/or local operations can succeed in increasing entanglement because they are not required to create any entanglement, which is impossible. They only remove that lack of knowledge which at time t forbids us to dispose of the hidden amount of entanglement given by E h (t).
Relevant examples where the environment can be modeled as a classical system may be found in solid-state implementations of qubits, with the dynamics of such nanodevices dominated by low-frequency noise [4, 5, 6, 7, 8, 9] . The recovery of quantum correlations in a classical environment was demonstrated in an all-optical experiment [10] .
In this paper, we discuss the relationship between recovery of HE and information flow from a classical environment to the system, quantified by a decrease in time of their quantum mutual information. We show that such non-Markovian behavior by itself does not guarantee entanglement recovery. It is also necessary that the ensemble physically underlying the system's mixed state includes entangled states, whose entanglement content can be recovered without nonlocal operations.
Hidden entanglement
Let us start by considering a bipartite system S whose dynamics is described by an ensemble of states A(t) = {(p i (t), |ψ i (t) )}. That is, we know the statistical distribution of the bipartite pure states {|ψ i (t) }, occurring with probabilities {p i (t)}, so that ρ(t) = i p i (t)|ψ i (t) ψ i (t)|, but the state of any individual system in the ensemble is unknown. The average entanglement of the ensemble A(t) is defined as [11, 12, 13, 14] :
where E(|ψ ψ|) = S(ρ A ) = S(ρ B ) is the entropy of entanglement, with ρ A = Tr B (|ψ ψ|) and ρ B = Tr A (|ψ ψ|) reduced states of subsystems A and B. On the other hand, the entanglement [15, 16] of the state ρ(t) is quantified by some convex entanglement measurement E(ρ(t)) (reducing to the entropy of entanglement for pure states). We defined in Ref. [2] the hidden entanglement of the ensemble A(t) = {(p i (t), |ψ i (t) )} as the difference between the average entanglement of the ensemble A(t), and the entanglement of the corresponding state ρ(t) ‡:
Due to the convexity, E h is always larger than or equal to zero. Several physical examples illustrating the concept of hidden entanglement are discussed in Refs. [2, 17] . The HE quantifies the entanglement that cannot be exploited as a resource due to the lack of knowledge about which state of the mixture we are dealing with. Such entanglement can be recovered (unlocked [12, 18, 19] ), once such classical information is provided, without the help of any non local operation.
From the definition Eq. (2), it is clear that HE is associated with the specific quantum ensemble description of the system state. We will refer to situations where the system dynamics admits a single physical decomposition in terms of an ensemble of pure state evolutions. This is always possible, at least in principle, when the system is affected by classical noise sources [2] . In the case in which the system interacts with a quantum environment, a physical description of the system in terms of quantum ensemble it is still possible, when the environment is subjected to a projective measurement [2, 13, 14, 20, 21, 22, 23, 24] . In this case E av is obtained after averaging over the measurement records and the hidden entanglement can be recovered by purely local operations acting on subsystems A and B, provided the classical record comprising information read from the environment is accessible.
Since hidden entanglement recovery requires a back-flow of classical information from the environment to the system, it is interesting to compare HE with the systemenvironment quantum mutual information and to discuss entanglement revivals in the context of non-Markovian environments [25] . For this purpose, we embed the randomness present in the quantum ensemble A(t) = {(p i (t), |ψ i (t) )} into the degrees of freedom of a dummy quantum system E [18, 26] , in the following way:
where {|x i (t) } is an orthonormal basis for E at time t. From (4) one can compute the quantum mutual information [27, 28] between the fictitious environment E and the system S:
where
where it is assumed that |x i are orthogonal states, we obtain
where H(p i ) = − i p i log 2 p i is the Shannon entropy associated with the probability distribution {p i }. Therefore, the loss of knowledge on the system, and the resulting uncertainty on the system state S(ρ), can be interpreted as due to a flux of information [25] between S and E, the total amount of information shared between system and environment being quantified by the quantum mutual information [29, 30] .
Entanglement revivals under random local fields
We illustrate the similarities and differences between HE and quantum mutual information in the example of entanglement revivals under random local fields that we have studied in Ref. [2] . Let us first consider a two-qubit system AB initially prepared in the maximally entangled Bell state |φ + . The time evolution consists of local unitaries, but we have no complete information about which local unitary is acting. In particular, we suppose that qubit A undergoes, with equal probability, a rotation about the x-axis of its Bloch sphere, U x (t) = e −iσxωt/2 , or a rotation around the z-axis, U z (t) = e −iσzωt/2 , while qubit B remains unchanged. Hence, the ensemble A at time t is
Since we are dealing with random local unitaries, the average entanglement of A is constant in time, E av (A(t)) = 1. On the other hand, the entanglement of the corresponding state ρ(t) = 1 2
|ψ + ψ + | is separable, whereas at 2t, U x (2t) = U z (2t) = 1 1 A and the initial maximally entangled state is recovered (we use the notation |ψ
. In the interval [t, 2t] the entanglement revives from zero to one without the action of any nonlocal quantum operation, thus apparently violating the monotonicity axiom. The ensemble description tells us that at time t the system is always in an entangled state (|φ − or |ψ + ), but the lack of knowledge about which local operation the system underwent prevents us from distilling any entanglement: entanglement is hidden, E h (A(t)) = 1 and E f (ρ(t)) = 0. At time 2t this lack of knowledge is irrelevant since the two possible time evolutions result in the identity operation 1 1 A and entanglement is recovered, E h (A(2t)) = 0 and E f (ρ(2t)) = 1. § Here and in the following, as entanglement measure we use the entanglement of formation E f (ρ), which is an upper bound for any bipartite entanglement measure [31] . Therefore E av − E f (ρ) is a lower bound for HE; moreover E f (ρ) can be readily computed for two-qubit systems via the concurrence C(ρ) [32] . Figure 1 . Entanglement of formation (solid curve) E f (ρ(t)) for the system described by the quantum ensemble A(t) of Eq. (7). We also show the hidden entanglement E h (A, t) (dashed curve), and the von Neumann entropy (dotted curve) S(ρ(t)).
As we can see from Fig. 1 , the von Neumann entropy S(ρ(t)), which is equal to the quantum mutual information I(S : E) since we are considering an ensemble of pure states (see Sec. 2), exhibits a behavior very close to that of HE. This similarity has a simple explanation: We have an ensemble A(t) of maximally entangled states, so that the lack of knowledge about which state of the mixture we are dealing with is the only reason that prevents us from exploiting entanglement as a resource. Such lack of knowledge is correctly captured by the von Neumann entropy.
Let us now consider the same quantum operation described at the beginning of this section, but starting from a different initial state, in general mixed:
That is, the system is prepared in the maximally entangled state |φ + with probability η, or in one of the separable states |00 and |11 , with equal probability 1 2 (1−η), and the preparation record is disregarded or not available. In this case the quantum ensemble at time t is
The density operator which arises from such ensemble is ρ(t) = i p i U(t) i ρ 0 U † i (t). The parameter η allows us to set simultaneously the entanglement and the mixedness of the initial state ρ 0 . When η = 1 the system S is initially in a maximally entangled pure state and we recover the case discussed at the beginning of this section; when η = 0, the initial state of S is a separable mixed state. We define the hidden entanglement associated with the ensemble (9) as
Such definition extends the hidden entanglement measure of Eq. (2) to ensemble of mixed states: The maximum entanglement which we can obtain at any time, once we retrieve the information about which operation the system undergoes, is just E f (ρ 0 ) . We plot in the top panels of Fig. 2 the entanglement of formation E f of the state ρ(t) (left) and the hidden entanglement E h (A, t) (right), for different values of the parameter η. For η = 1 (solid curves) we recover the results of Fig. 1 . For η = 0 (dotted curves), there is no entanglement in the initial state and therefore no entanglement can be generated during the purely local time evolution, so both E f and E h are vanishing at any times. For η = 0.5 (dashed curves), first the entanglement monotonically decreases until it sudden dies at t/T ≈ 0.33 ¶, then it revives after t/T ≈ 0.67, up to its initial value. The entanglement decrease and its sudden death are consequences of our ignorance about the random operation U i the system undergoes: if this information is provided not only the sudden death may be avoided, but also all the initial entanglement may be recovered at any time.
In the bottom panels of Fig. 2 we show the von Neumann entropy S of the state ρ (left) and the system-environment quantum mutual information I(S : E) (right). For η < 1, S(ρ(t)) exhibits a behavior which is qualitatively and quantitatively different from that of E h (Ã, t). For η = 0, S(ρ(t)) varies in the range [1, 2] , while the entanglement of It is worth mentioning that for the above state ρ 0 , E f (ρ 0 ) has a clear physical meaning, being equal to the entanglement cost [33] . ¶ Note that while there is sudden death of the entanglement, the coherence terms of the density operator ρ do not vanish.
formation and the hidden entanglement are vanishing at any times. For intermediate values, for instance η = 0.5, S(ρ(t)) monotonically increases from the finite value S(ρ 0 ) up to its maximum value reached at t = T /2; in the same interval, E h starts from zero and saturates before T /2 to its maximum value E f (ρ 0 ). This example shows that the system uncertainty, quantified by the von Neumann entropy, is not always connected to the possibility of recovering entanglement. By injecting classical information we reduce our lack of knowledge on the system, however such information does not always allow us to increase the system entanglement.
We now consider the quantum mutual information. As we have written in Sec. 2, it is possible to introduce a fictitious environment which simulates the action of our quantum operation. The system environment state is
The quantum mutual information between S and E is given by
From Fig. 2 , we can see that the quantum mutual information is scarcely sensitive to the entanglement that can be recovered. One can say that S and E develop the same degree of correlations as a function of the time, regardless of η, that is independently of the fact the system is initially prepared in an entangled state or in a separable state. In other words, from the value assumed by I(S : E) one cannot in general estimate the amount of entanglement that is possible to recover at a given time by classical communication and local operations on the subsystems composing S.
Final remarks
The above considerations on the quantum mutual information tell us that nonMarkovianity of system dynamics, which can be interpreted as a back-flow of information between S and E [25] and quantified [29, 30] in terms of negative time derivative of the coherent information, ∂I(S : E)/∂t < 0, is only a necessary condition for entanglement revivals. Indeed we can have back-flow of classical information from the environment to the system without entanglement revivals, provided we are dealing with an ensemble of separable states for the system. We can conclude with the following statements about the occurrence of entanglement revivals when a system interacts with classical noise sources. In the case E f (t) = 0, the information we can acquire from the environment may be useful to recover some entanglement only if the quantum ensemble physically underlying the system dynamics has a non vanishing average entanglement. In a more general case, E f (t) = 0, we can identify a sufficient condition for entanglement revivals at time larger than t by the requirement E h (t) > 0.
